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Available online 18 August 2016Hutchinson and Löfﬂer's (1956) classiﬁcation of lakes based on the seasonal thermalmixing regimehas become a
cornerstone of any analysis of lakes as elements of the earth surface. Until nowhowever the lake classiﬁcation has
lacked a physically sound quantitative criterion distinguishing between two fundamental lake types: thermally
stratiﬁed during a large portion of the year (mono- and dimictic) and predominantly mixed to the bottom
(polymictic). Using themechanistic balance between potential and kinetic energywe review the different formu-
lations of the Richardson number to derive a generalized scaling for seasonal stratiﬁcation in a closed lake basin.
The scaling parameter is the critical mean basin depth, Hcrit, that delineates lakes that mix regularly from those
that stratify seasonally based on lake water transparency, lake length, and an annual mean estimate for the
Monin-Obukhov length. We validate the scaling on available data of lakes worldwide using logistic regression.
The scaling criterion consistently described the mixing regime signiﬁcantly better than either the conventional
unbounded basin scaling or a simple depth threshold. Thus, the generalized scaling is universal for freshwater
lakes and allows the seasonal mixing regime to be estimated without numerically solving the heat transport
equations.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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wSI unit Description Equationr – Prandtl number 10
iB – Richardson number; subscripts B, g, and S refer to
the bulk, gradient and Schmidt-based Richardson
numbers, respectively1ig – Richardson number; subscripts B, g, and S refer to
the bulk, gradient and Schmidt-based Richardson
numbers, respectively2, 10ig⁎ – ‘Boundary layer’ gradient Richardson number 5
iB⁎, RiB2 – ‘Boundary layer’ bulk Richardson number and its
equivalent for a two-layered ﬂuid
4, 6f – Flux Richardson number 7, 8, 10
iS – Schmidt-based Richardson number 14– Wedderburn number 11, 12
– Lake number 15
K−1 Heat expansion coefﬁcient for water 16
m2 s−3 Dissipation rate of the kinetic energy of
turbulence
32m−1 Radiation extinction coefﬁcient in water 22
m2 Lake area, A1/2 – Lake aspect ratio = H/L, half-aspect ratio=
H/(L/2)12m s−2 Buoyancy 1
m2 s−3 Buoyancy ﬂux; subscripts s, h, m refer to the ﬂux
at the surface, at the bottom of the mixed layer,
and the mean ﬂux in the mixed layer, respectively16– Dimensionless constants (with numbered
subscripts)bs, Cb⁎, Cu Proportionality constants relating turbulent and
radiative buoyancy ﬂuxes at annual scales25, 26, 33m Mixed layer thickness
eq m Equivalent lake depth 6m Mean lake depth
crit m Stratiﬁcation scale: critical lake depth at
threshold between polymixis and seasonal
stratiﬁcation31SECCHI m Secchi depth 24
Kms−1 Kinematic ﬂux of solar radiation 16
m2 s−3 Radiative buoyancy ﬂux; subscripts s, h, m as for B 16m, Kb m2 s−1 Eddy diffusion coefﬁcients for momentum and
buoyancy9m Length scale; lake length (maximum quasi-linear
dimension)O m Monin-Obukhov length 8, 40
s−1 Buoyancy frequency 2
m3 s−3 Integral turbulent energy production rate in a
mixed layer
32s−1 Shear 2
kg s−1 Schmidt stability 13⁎ m s−1 Characteristic shear (friction) velocity 3
m3 Lake volume⁎ m s−1 Deardorff convective velocity scale 8
m Vertical position of the centre of lake volume 13, 14zv1. Introduction
The recent changes in the global carbon budget and the accompany-
ing climatic trends in the temperature and ice regime of inland waters
pose new fundamental questions related to heat and mass transport
in aquatic environments. These include the role of inlandwaters as sen-
tinels of climate change (Adrian et al., 2009), the feedback effect of the
changed thermal regimeof lakes andponds on regional climate patterns
(MacKay et al., 2009), and the contribution of inland aquatic systems to
the global carbon budget (Bastviken et al., 2004). Themajority of lakes is
located in climatic zones with strong seasonal variability, so that sea-
sonal stratiﬁcation is fundamental for all physical, chemical and biolog-
ical processes in them (Boehrer and Schultze, 2008). Stratiﬁcation
determines the transport of nutrients and oxygen between the surface
and deep water, or the light environment of phytoplankton cells
entrained in the mixed layer. Accordingly, shallow lakes, which mix to
the bottom regularly, behave quite differently to deep lakes, which
tend to stratify during the heating season when a warmer well-mixed
layer forms above a cooler poorly mixed layer, separating surfacewater from deep, nutrient rich waters and sediment. Hence, seasonal
mixing serves as a basis for lake regime classiﬁcation. Lakes that do
not stratify seasonally, i.e. completely mix at least once during the
main heating season from spring through summer are classed as
polymictic. On the other hand, lakes that stratify continuously for a
large part of the year can be classiﬁed as dimictic if they have two
stratiﬁcation seasons, or monomictic if they stratify only once a year,
either in winter or in summer (Hutchinson, 1957; Hutchinson and
Löfﬂer, 1956; Lewis, 1983). Whereas it is easy to distinguish between
di- and monomictic lakes based on the climatic mean surface tempera-
ture (warm monomictic lakes never cool below 4 °C, while cold
monomictic lakes never warm above 4 °C), a quantitative criterion
separating the two major lake mixing types—thermally stratifying and
polymictic—does not exist.
Temperature is themajor factor affecting density, and consequently,
the stratiﬁcation of all geophysical ﬂuids including the ocean and the at-
mosphere. Therefore, stratiﬁcation undergoes strong seasonal varia-
tions related to the annual insolation cycle determining the surface
temperatures. Freshwater lakes are small on planetary scales and are
subject to especially prominent seasonal stratiﬁcation variability. In
these lakes, solar heating and the counteracting effect of wind and con-
vective mixing produce a nearly two-layered vertical distribution of
density (buoyancy). Heat input through solar radiation stabilizes the
water column by warming surface layers and thus creating an upward
positive buoyancy gradient. Mixing on the other hand, caused by
wind-induced stirring and convection from surface cooling destroys
the positive buoyancy, destabilizing the water column. As both solar
heating and mixing are conﬁned to the upper layers of the lake water
column, a nearly two-layered stratiﬁcation develops with a strong den-
sity jump between the well-mixed surface layer and a weakly stratiﬁed
deep ‘hypolimnion’ layer. The apparent external factors determining the
mixing regime of lakes are the weather and climatic conditions as well
as lake morphology. In addition, transparency, or light extinction, is
the major factor determining the mixing regime in lakes at the transi-
tion between polymictic and seasonally stratiﬁed regimes (Kirillin,
2010; Shatwell et al., 2016; Snucins and Gunn, 2000). Decreased trans-
parency for example reduces the penetration of solar radiation to
deeper layers, which decreases deep water temperatures and increases
vertical temperature gradients andwater column stability. Accordingly,
transparency can have large effects on stratiﬁcation duration in these
transition lakes.
There have been several attempts to establish a link between the
mixing regime of lakes and the atmospheric forcing both from theoret-
ical considerations (Spigel and Imberger, 1980) and from empirical ev-
idence (Fee et al., 1996; Gorham and Boyce, 1989). While physical
processes governingmixing on the background of existing stratiﬁcation
are relatively well-known and can be parameterized in a simpliﬁedway
(Imberger andHamblin, 1982), prediction of stratiﬁcation development
and destruction on annual time scales requires the real-time solution of
the vertical heat transport equations, involving time-depth resolving
models at different levels of complexity (Imberger and Patterson,
1989; Kirillin et al., 2011; MacKay, 2012). Empirical relationships
predicting the mixing regime of lakes are in turn conﬁned to certain
geographical regions or lake types (Fee et al., 1996; Patalas, 1984) and
are generally inapplicable for the entire spectrum of world lakes. The
widely used classiﬁcation of Hutchinson and Löfﬂer (1956), as well as
its revised version of Lewis (1983), distinguish between dimictic and
polymictic lakes based solely on the lake depth, with the critical depth
value chosen tentatively as several tens of meters. It is known however
that lakes of the same depth can be poly- or dimictic depending on the
water clarity and/or lake area (Kirillin, 2010; Shatwell et al., 2016).
Therefore, a universal deterministic scaling criterionwould signiﬁcantly
improve the deﬁnition of the seasonal mixing regime, which is recog-
nized as the crucial characteristic of lake dynamics (Hutchinson, 1957).
Establishing a link between the climatic conditions and the seasonal
mixing regime of lakes has at least two global scale applications. One of
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weather prediction (MacKay et al., 2009). Adequate parameterization
of surface temperatures of thousands of lakes in atmospheric models
requires a compromise between numerical efﬁciency and physical
soundness. A physically-based deﬁnition of shallow polymictic
lakes would allow their simpliﬁed representation in large-scale
models because they can be assumed to be thermally homogeneous.
As shallow lakes comprise themajority of lakes on earth (Downing et
al., 2006), this approachwould improve the computational efﬁciency
of global models. Another important issue related to lake stratiﬁca-
tion is the contribution of lakes to the global carbon cycle, in partic-
ular, the release of methane into the atmosphere. Oxidation of
methane produced in lake sediments, as well as upward methane
transport to the lake surface are directly dependent on stratiﬁcation,
which determines vertical mixing conditions. Distinguishing
between lake mixing regimes would enable seasonally stratiﬁed
lakes, which are potential hotspots of methane production, to be
identiﬁed in lake-rich regions like the permafrost tundra (Boike et
al., 2015), and would improve estimates of possible changes in the
methane production due to regional climate warming.
2. Scaling of seasonal stratiﬁcation
In the following, we review the major processes governing the for-
mation of thermal stratiﬁcation in lakes with an ultimate goal to derive
a “zero-order” model of vertical mixing in lakes able to serve as a uni-
versal criterion of seasonal lake stratiﬁcation worldwide. For this pur-
pose we employ scaling analysis—a simple yet extremely powerful
tool in studying dynamics of natural ﬂuids. In geophysical ﬂows,
where processes coexist across a wide range of different spatial and
temporal scales, scaling simpliﬁes the governing equations and deter-
mines the thresholds (ranges of scales) atwhich certain processes dom-
inate the dynamics of the ﬂow. Apart from building the basis for
dimensional analysis and formore advanced techniques, such as incom-
plete similarity (Barenblatt, 2003), the simple comparison of scales
works as a rule-of-thumbproviding an insight into the relationships be-
tween themajor forces. The ultimate outputs of scaling—dimensionless
numbers relating the main scales of the ﬂow, such as characteristic
velocity U and spatial scale L, to the external forcing—ﬁnd numerous
applications in classifying the ﬂuidmotions and are often used for deﬁn-
ing the application areas of sub-disciplines in ﬂuid dynamics, For
instance, the ratio of inertial and viscous forces—the Reynolds number
Re = U L ν−1, where ν is the kinematic viscosity—is used to set the
boundary between the two fundamental characters of ﬂuid ﬂow, lami-
nar and turbulent. The ratio of inertial and Coriolis forces—the Rossby
number Ro = U L−1 f−1, where f is the Coriolis acceleration—sets the
limits for large-scale planetary ﬂows and is sometimes referred to as a
deﬁnitive criterion describing the subject of Geophysical Fluid Dynamics,
understood as dynamics of planetary ﬂows at small Rossby numbers
(Monin, 1988; Pedlosky, 1987). Apart from the rotation, a deﬁnitive
characteristic of geophysical ﬂows is density stratiﬁcation. In natural
stratiﬁed ﬂows such as marginal seas, estuaries and lakes, where the
earth rotation effects are relatively small (but not necessarily negligible,
even at spatial scales b1 km, see e.g. Kirillin et al. (2012)), stratiﬁcation
plays a major role in the transport processes. Dynamics of these water
bodies is sometimes deﬁned as a subject of Environmental Fluid Dynam-
ics (EFD, see Fernando (2012) and Imberger (2013)). The derivations
below are aimed to derive a fundamental scale for EFD, separating nat-
ural ﬂuids dominated by thermal stratiﬁcation from those largely unaf-
fected by stratiﬁcation effects.
By analogy with the Reynolds and Rossby numbers, the Richardson
number is derived from the equations of ﬂuid motion as a scale of the
relative importance of stratiﬁcation with regard to mixing intensity.
After applying the Boussinesq approximation, and introducing buoyan-
cy in terms of gravity (g), density (ρ) and reference density (ρ0) as
b=−g(ρ− ρ0)ρ0−1 the ratio of buoyancy forces to the inertial forcesfollows from the equation for the vertical velocity component as the
bulk Richardson number (see, e.g. Fernando (2012)).
RiB ¼ Δb0 LA U−2 ¼ Δb0 H U−2; ð1Þ
where Δb0 is a characteristic buoyancy difference across the vertical
scale of the ﬂow. Here, a new scale emerges, related directly to the grav-
ity force, and thereby to stratiﬁcation, namely, the aspect ratio A=HL−1
of the ﬂuid domain of characteristic depth H. Since destratiﬁcation by
vertical mixing is related to the vertical velocity gradients rather than
to mean velocities, the characteristic velocity difference ΔU2 across the
layer H is normally used in RiB instead of U2. Still, direct application of
RiB to real ﬂows is problematic because of the high spatial variability
of both U and b in natural ﬂuids. In practice therefore the limiting case
of an inﬁnitesimal vertical layer is applied, producing the gradient Rich-
ardson number based on local gradients of buoyancy and horizontal ve-
locity,
Rig ¼ −∂b ∂z−1
 
∂u ∂z−1
 −2 ¼ N2S−2; ð2Þ
where N2 = gρ0−1(∂ρ ∂z−1) = −∂b ∂z−1 is the buoyancy frequency
squared and S= ∂u ∂z−1 is the local shear. The critical value of the gra-
dient Richardson number separating stable stratiﬁed ﬂows from those
dominated by shear mixing can be derived exactly for simple ﬂow con-
ﬁgurations as RigCrit = 1/4 (Howard, 1961; Miles, 1961). With some
constraints, this threshold is applicable to more complex three-dimen-
sional ﬂows, where, generally, 1/4 b RigCrit b 1 (Galperin et al., 2007).
Apparently, Rig≈ RiB if both stratiﬁcation and shear are nearly linearly
distributed along the vertical direction. The Richardson number may be
further generalized through the link between the local shear and the
momentum ﬂux (friction velocity) u⁎ = bu′w′N, where primes denote
the turbulent velocity ﬂuctuations.
∂u ∂z−1∝u l
−1 ð3Þ
The turbulence length l scales with the distance from the mixing
source. For boundary layer ﬂows l can be replaced, up to a scaling con-
stant, with the boundary layer thickness h, which replaces the vertical
scale H. Accordingly S= u⁎ h−1 and expressions 1 and 2 become
RiB ¼ Δb0 hu−2; ð4Þ
and,
Rig ¼ N2 h2 u−2 ð5Þ
Of interest for the following derivations is also the modiﬁcation of
the Richardson number for the case of two horizontal unstratiﬁed layers
separated by a zero-order density (buoyancy) jump Δb0 between them.
In this case the length scale takes the form of the ‘equivalent depth’
heq = h(H− h)H−1, where h is the thickness of any of the two layers.
The 2-layer Richardson number therefore becomes:
RiB2 ¼ Δb0 heq u−2; ð6Þ
At h ≪ H, RiB2 ≈ RiB⁎. Also, Eqs. 5 and 6 show that the Richardson
number may be formulated as the square of the ratio of the internal
wave speed scale (N h for continuous stratiﬁcation, and (Δb0 heq)1/2
for the two-layered case) to the friction velocity.
Thus, the gradient Richardson number describes whether existing
stratiﬁcation can withstand local turbulent mixing, but it is unsuitable
for determining whether external forcing favours development of strati-
ﬁcation. Here the ﬂux Richardson number, Rf, accounts for the external
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the buoyancy ﬂux B to the momentum ﬂux u⁎2,
Rf ¼ B u−2 S−1; ð7Þ
Alternatively, using the previously introduced relationship between
the local velocity gradient and the momentum ﬂux u⁎ in a boundary
layer of thickness h,
Rf ¼ B h u−3 ¼ w3u−3 ¼ hLMO−1 ð8Þ
The different formulations of Rf above include two fundamental
scales used in EFD: the Deardorff's (1970) velocity scale w⁎ = (B h)1/3
and the Monin and Obukhov (1954) length scale LMO = u⁎3 B−1. Under
unstable conditions, when destabilizing buoyancy ﬂux B produces con-
vective mixing,w⁎ is an estimate of the vertical velocities in the convec-
tive layer. Under stable conditions, LMO scales with the boundary layer
thickness produced bywind shearworking against the stabilizing buoy-
ancy ﬂux B. The ﬂux Richardson number (Eq. 8) can be expressed in
terms of the gradient Richardson number (Eq. 5) with the help of the
ﬂux-gradient relationships for momentum and buoyancy (heat):
u2 ¼ Km ∂uð Þ ∂zð Þ−1;B ¼ Kb ∂bð Þ ∂zð Þ−1; ð9Þ
where Km andKb are the turbulent exchange coefﬁcients formomentum
and buoyancy. This yields
Rig ¼ Pr Rf ð10Þ
where the turbulent Prandtl number Pr = Km Kb−1 is typically around 1
in geophysical ﬂuids.
The variety of formulations for the Richardson number introduced
above demonstrates the wide spectrum of spatial and temporal scales
governing stratiﬁcation formation. Scaling of the seasonal mixing re-
gime should apparently involve a modiﬁcation of the Richardson num-
ber including, on the one hand, a bulk estimation of the buoyancy
increase due to the annual solar heating and, on the other hand, the
forces relevant to the surface mixing at annual time scales. With regard
to the latter, theWedderburn number,W, is of particular importance for
lakes, introduced by Thompson and Imberger (1980) as
W ¼ Δb0 h2 u−2 L=2ð Þ−1 ð11Þ
Eq. (11) utilizes the idealized solution ∂ζ/∂x= u⁎2(Δb0 h)−1 for the
wind-induced tilt of the density interface (thermocline) ∂ζ/∂x. This ap-
plies in a two-layered ﬂuid with the buoyancy jump Δb between the
layers where ∂ζ/∂x is a function of the mean wind shear h−1u⁎ within
the upper layer of thickness h. Hence,W= 1 corresponds to the condi-
tion ∂ζ/∂x = h(L/2)−1, or the critical slope of isotherms bringing the
density interface to the lake surface at the upwind shore of a lake with
rectangular proﬁle (see Imberger and Patterson (1989) and Stevens
and Imberger (1996) for details). Consequently, if W ≪ 1, the wind
shear stress is expected to destroy the density stratiﬁcation completely
by “turning over” the vertical density structure.
The close connection of W to the scaling of lake stratiﬁcation in
terms of Ri, discussed above, becomes obvious by reformulating Eq.
(11) as the product of the bulk Richardson number for a two-layered
ﬂuid (Eqs. 4, 6) and the aspect ratio (see Eq. 1):
W ¼ RiBA1=2 ð12Þ
A1/2 is the geometric aspect ratio of the lake deﬁned as the ratio of
the depth of the mixed layer h and the lake half-length L/2. Thus the
Wedderburn number retains a “zero-dimensional” character but ex-
tends the balance between shear and buoyancy forces to basins of ﬁnite
horizontal dimensions, where lateral transport can contribute to vertical
mixing.One further application of scaling analysis to enclosed basins in
terms of the Richardson number is worth mentioning here, although
not directly related to the generalized scaling discussed below. It con-
sists in extending the derivations behind the Wedderburn number to
apply to continuous density stratiﬁcation and non-rectangular lake ge-
ometry, based on the Schmidt Stability St expressed by Schmidt (1928):
St ¼ g
Ω0
∫Hmax0 z−zvð ÞρzΩzdz ½J m2 or kg s1 ð13Þ
where ρz and Ωz are the vertical distributions of the water density and
horizontal cross-sectional area of the lake, respectively;Ω0 is the surface
area of the lake, Hmax is the maximum depth, and zv is the centre of vol-
ume of the lake, deﬁned as zv ¼ 1V ∫Hmax0 zΩzdz; V being the lake volume.
The Schmidt stability is a measure of the energy required to completely
mix a stratiﬁed lake with an arbitrary vertical density distribution, tak-
ing into account the volume development of the lake basin. Substituting
St as the stratiﬁcation measure into the stratiﬁcation-mixing balance
yields the ‘Schmidt-based’ Richardson number
Ris ¼ St ρ0 zv u2
 −1
; ð14Þ
Multiplying this with the same aspect ratio as in Eq. (12), then yields
the Lake number LN:
LN ¼ RisA1=2 ¼ 2St hL ρ0 u2 zv
: ð15Þ
As evident from Eq. (15), the Lake number is a modiﬁcation of W,
being the sameproduct of a (modiﬁed) Richardson numberwith the as-
pect ratio. LN is useful for evaluating the effect of the basin shape on the
whole-lake stratiﬁcation, as well as estimating the resistance to mixing
of complex stratiﬁcation patterns that strongly differ from the classical
two-layered approximation. However, LN requires integrable functions
for both the lake area and the vertical density proﬁle as inputs, and
therefore its usefulness as a generalized scaling variable is rather limited
at global spatial and temporal scales.
To summarize the review of the Richardson-based scaling of lake
stratiﬁcation, the Wedderburn number W is the most general dimen-
sionless number incorporating the major mechanisms responsible for
destruction of existing density stratiﬁcation in enclosed basins. W is
however not applicable for predicting stratiﬁcation development, as it is
based on RiB⁎, which in turn varies strongly with time according to the
external ﬂuxes of buoyancy andmomentum. Below, we derive a scaling
similar to the Wedderburn number but based on the external forcing,
i.e., on the ﬂux Richardson number Rf, rather than on the existing strat-
iﬁcation RiB⁎. We start with the one-dimensional heat transport equa-
tion, which in terms of buoyancy takes the form
∂b
∂t
¼−∂B
∂z
−
∂ J
∂z
ð16Þ
where B is the turbulent buoyancy ﬂux and J= gαI is the buoyancy ﬂux
due to solar radiation I, α is the thermal expansion coefﬁcient of water,
and the buoyancy b is uniform across the mixed layer. Hence, the inte-
gral buoyancy budget in a mixed layer is
h
∂b
∂t
¼ Bs−Bh þ Js− Jh ð17Þ
where indices s and h denote the values at the surface and at the bottom
of the mixed layer, respectively. Double integration of Eq. (17), ﬁrst
from the surface to some depth z and then from the surface to the
183G. Kirillin, T. Shatwell / Earth-Science Reviews 161 (2016) 179–190bottom of the mixed layer yields:
h2
2
∂b
∂t
¼ Bshþ Jsh−
Z h
0
B zð Þdz−
Z h
0
J zð Þdz ð18Þ
Eliminating the time derivative of b by substituting the right hand
side of Eq. (17) into the left hand side of Eq. (18) and rearranging yields
Z h
0
B zð Þdz ¼ h
2
Bs þ Bhð Þ þ
h
2
Js þ Jh−
2
h
Z h
0
J zð Þdz
 !
ð19Þ
Evaluating the integral and dividing by h provides an estimate of the
mean buoyancy ﬂux (Bm) in the layer 0 b z b h.
Bm ¼ Bs þ Bh2 þ
1
2
Js þ Jh−
2
h
Z h
0
J zð Þdz
 !
ð20Þ
Bm ¼ Bs þ Bh2 þ
Js þ Jh
2
− Jm ð21Þ
where Jm is the mean radiation ﬂux within the layer 0 b z b h.
Assuming exponential decay of the radiation ﬂux within the water
column with the extinction coefﬁcient γ (the Beer Law) J(z) =
Jsexp(−γz) and then neglecting the radiation at the bottom of the
mixed layer Jh (i.e. e−γh≪ 1) yields
Bm ¼ Bs þ Bh2 þ Js
1
2
1þ e−γh
 
− Js
1
γh
1−e−γh
 
ð22Þ
Bm≈
Bs þ Bh
2
þ Js
1
2
−
1
γh
 
ð23Þ
The assumption e−γh≪ 1 is introduced here to simplify subsequent
derivations. In theory, Jh can be comparable to Js at low h and/or at low γ.
However, as shown below, h and γ are intercorrelated because more
transparent lakes mix deeper. Hence, neglecting Jh is not crucial for fur-
ther derivations. Eq. (23) can be further modiﬁed by introducing the
water transparency scale (Secchi depth hSECCHI) so that hSECCHI≈ 2γ−1.
The factor of 2 relating the Secchi depth to the reciprocal of the extinc-
tion coefﬁcient has been conﬁrmed by numerous lake studies (Idso and
Gilbert, 1974; Koenings and Edmundson, 1991; Reinart et al., 2003).
Bm≈
1
2
Bs þ Bh þ Js 1−hSECCHI=hð Þ½  ð24Þ
To a ﬁrst approximation, both Bh and Bs can be assumed to be pro-
portional to the radiative heating Js in an annual cycle, so that
Bs þ Bh ¼ Cb Js: ð25Þ
where Cb⁎ is a proportionality constant. It should be noted that Cb⁎ can
apparently change its magnitude and even sign between different cli-
matic zones. In temperate and boreal climates, the lake surface typically
heats upmore slowly than the surrounding land, so that thewarmer at-
mosphere may additionally contribute to the stabilizing buoyancy ﬂux
(Laird and Kristovich, 2002; Lofgren and Zhu, 2000). Tropical and alpine
lakes are, in turn, warmer than the air above most of the time, so that
the intense heat loss at the lake favours increased mixing (Li et al.,
2015; Verburg and Antenucci, 2010). Nevertheless, the major contribu-
tion to stratiﬁcation formation on seasonal scales is made by solar radi-
ation, suggesting
Cbs ¼ 1þ Cb ¼ O 1ð Þ: ð26ÞFinally, the expressions for the stabilizing buoyancy ﬂux (Eqs. 27,
28) can be written as
Bm≈ Js
Cbs
2
−
1
γh
 
ð27Þ
or
Bm≈
Js
2
Cbs−
hSECCHI
h
 
ð28Þ
where Js is based on a ‘climatic’ (average over a sufﬁciently long period)
value of the surface solar radiation.
A critical value of the Wedderburn numberW= 1 has proven a re-
liable criterion for the development of seasonal stratiﬁcation in several
earlier studies (Gorham and Boyce, 1989; Padisak and Reynolds, 2003;
Pöschke et al., 2015). Assuming that the relationship between the sum-
mer stratiﬁcation strength in lakes and the mean seasonal (annual)
ﬂuxes of the kinetic mixing energy and buoyancy is linear, then
RiB ∝ Rf. Accordingly, it is possible to formulate a criterion analogous
to theWedderburn number in terms of the external ﬂuxes by substitut-
ing Bm into the expression for the ﬂux Richardson number (Eq. 8) and
replacing RiB⁎ with Rf in Eq. (12) using the analogy (Eq. 10):
Bm h u−3A1=2 ¼ C ð29Þ
where u⁎ is a wind shear averaged over the same period as Bm, and C is
some generalized constant. Note that, in contrast to the idealized cases
expressed by Eqs. (10) and (12), the proportionality coefﬁcient Cmay
differ from 1 due to assumptions underlying the deﬁnitions of Bm and
RiB. Using the Monin-Obukhov length scale LMO = u⁎3 (Js)−1 (see Eq. 8)
based on seasonal averages of the surface buoyancy and momentum
ﬂuxes, Eq. (29) can be expanded in terms of the mixed layer depth as
h2−Cbs
−1 hSECCHI h−CLMOLð Þ ¼ 0 ð30Þ
Wederive theﬁnal thresholdHcrit separatingpolymictic and dimictic
lakes by postulating that, in order tomaintain summer stratiﬁcation, the
lake depth should be sufﬁciently larger than the critical value of the
mixed layer depth h following from Eq. (30). This is given by the posi-
tive root of Eq. (30) with coefﬁcients rearranged as C1, C2:
Hcrit ¼ h ¼ C1hSECCHI þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C21h
2
SECCHI þ C2LLMO
q
ð31Þ
Eq. (31) can be interpreted as an ultimate criterion—the critical
mean lake depth—separating ‘shallow’ (polymictic) lakes unable to
maintain thermal stratiﬁcation on seasonal scales from ‘deep’ lakes
stratiﬁed during most days of the year.
An additional insight into the physical background of the proposed
scaling (Eq. 31) may be obtained by exploring some asymptotic cases.
Following the traditional mixed layer approach (Niiler and Kraus,
1977), the simpliﬁed budget of mixing energy (kinetic energy of turbu-
lence – TKE) within a surface mixed layer may be expressed as
P−hBm−hεm ¼ 0; ð32Þ
where P is themixing energy production by shear, assumed proportion-
al to the surface wind energy input u⁎ as P= Cu u⁎3, and ϵm is the mean
energy dissipation rate within the mixed layer. The integral dissipation
rate h ⋅ϵmmay be assumed proportional to the total production rate and
incorporated into the coefﬁcients Cu and Cbs (Niiler and Kraus, 1977), so
that
Cuu3 ¼
Js
2
Cbsh−hSECCHIð Þ ð33Þ
Table 1
Characteristics of analysed lakes. Values are medians with the range in parentheses.
World lakes
(n= 75)
Maine lakes
(n= 304)
Depth (m) 12.7 (0.5–135) 4.0 (1.5–23.5)
Length (km) 15 (0.6–390) 1.3 (0.2–17.0)
Area (km2) 61.5 (1.4–68,800) 0.53 (0.02–42.2)
Secchi depth (m) 3.3 (0.08–15.0) 4.4 (1.2–13.0)
Latitude 44.4 (−38–69) 44.6 (43.2–47.3)
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Fig. 1. Stratiﬁcation duration vs. the difference between surface and bottom temperatures
(Ts− Tb) in August in someMaine lakes. A threshold of August Ts− Tb= 4 °Cwas used as
a criterion to distinguish between polymictic lakes with stratiﬁcation duration b120 days
(dashed line) and seasonally stratiﬁed Maine lakes with stratiﬁcation duration N120 days.
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Cbsh ¼ 2CuLMO þ hSECCHI ð34Þ
In asymptotic no-wind conditions u⁎ = 0, and Eq. (32) becomes
Cbsh ¼ hSECCHI ð35Þ
Note that Bs cannot be positive at no wind, i.e. Cb⁎ ≤ 0 and Cbs ≤ 1 (cf.
Eqs. 25 and 26). In other words, the destabilizing surface buoyancy ﬂux
Bs due to surface cooling is the only force producing the mixed layer in
this case. Assuming further that hBs ≈ hϵ, i.e. all the mixing energy
due to the surface cooling Bs dissipates within the mixed layer, yields
Cbs = 1, and
h ¼ hSECCHI; ð36Þ
i.e. the depth of the equilibriummixed layer is equal to the Secchi depth.
This asymptotic case was ﬁrst described by (Kraus and Rooth, 1961).
Our formulation (31) of the critical depth reproduces this asymptotic
case if C1 = 0.5.
In the other limiting case of strong winds combined with surface
heating, the wind-mixed layer may be assumed to be much deeper
than hSECCHI, so that,
h ¼ 2Cuu
3

Cbs Js
¼ 2Cu
Cbs
LMO ¼ C3LMO ð37Þ
TheMonin-Obukhov length as an ultimate scale of themixing depth
was ﬁrst derived from the similar considerations by Kitaigorodsky
(1960) for the oceanic mixed layer. It is worth noting that our Eq. (31)
produces in this limited case a different result
h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2LLMO
p
ð38Þ
whose relationship to the integrated TKE budget can be elucidated from
a closer inspection of the TKE budget equation (Eq. 32): it would pro-
duce the result analogous to Eq. (38) if the stabilizing term hBm in (Eq.
32) is reduced by factor of the lake aspect ratio A1/2−1. Thus, the diver-
gence between the two critical depth estimations (Eqs. 37 and 38) high-
lights the difference of mixing mechanisms in a hypothetical ocean
without lateral boundaries and in a bounded basin. Whereas Eqs. (32)
and (37) are based on the balance between the stabilizing buoyancy
ﬂux and the energy required to vertically mix the water column down
to h, the lake-related scaling (Eq. 31) and its asymptotic form (Eq. 38)
reﬂect the balance between the buoyancy ﬂux and the energy required
to tilt the seasonally developing thermocline up to a critical slope of A=
hL−1. At stronger tilts the major part of the energy associated with the
vertical wind shear turns into horizontal mixing. Since horizontal
mixing is no longer counteracted by the gravity force and is intensiﬁed
by the additional shear production at the shores, it effectively destroys
stratiﬁcation leading to a ‘wind-driven turnover’ (Mortimer, 1952;
Pöschke et al., 2015).
Thus, the proposed scaling (Eq. 31) converges to the asymptotic
cases derived previously for oceanic conditions, up to the assumption
of a reduced amount of shear mixing required to destroy stratiﬁcation
in a basin of a limited horizontal extent L. Whether the latter assump-
tion holds true on theworldwide scales needs conﬁrmation by observa-
tional data. Moreover, the applicability of Eq. (31) on seasonal scales
implies that many secondary factors, which are incorporated into the
coefﬁcientsC1 and C2, have aminor effect on the seasonalmixing regime
compared with the scaling variables. Below we verify these assump-
tions and derive the values for the constants in Eq. (31) on available
data from world lakes. Also, to check the altered formulation of the
TKE budget underlying the scaling (Eq. 31) we compare statistically its
performance against the ‘unbounded’ scaling (Eq. 34).3. Validation of scaling: methods
3.1. Lake data
To test the proposed scaling criterion for the critical lake depth, we
analysed two sets of lakes (world lakes and Maine lakes) from different
databases. Lakes for which transparency data, as well as temperature
and/or mixing regime data were available, were selected from the
World Lake Database (http://wldb.ilec.or.jp/, accessed 11–28 Sep,
2015) and from the Lakes of Maine database (http://www.
lakesofmaine.org, accessed 1 Sep, 2015). The world lakes analysed
were predominantly large, temperate lakes spanning a range of lati-
tudes, mainly in North America and Asia, with fewer lakes in Europe
and Africa or other continents. TheMaine lakes analysed were predom-
inantly small, relatively shallow lakes and ponds located inMaine, USA,
and thus spanned only a small range of latitudes (Table 1). Temperature
proﬁles of Maine lakes were measured between 1970 and 2015 at var-
ious time intervals from sub-monthly to annually, but all lakes were
sampled at least in August. Proﬁles were recorded using YSI multi-pa-
rameter sondes (Yellow Springs Instruments, USA) at 1 m depth inter-
vals and very occasionally with alcohol or mercury thermometers at
varying depth intervals. Since water level regulation, and in particular
deepwater withdrawal, can affect themixing regime, we excluded arti-
ﬁcial lakes or large reservoirs from theworld lakes set.We also excluded
saline or brackish lakes because the relationships between transparency
andmixing regimewe derive apply only to freshwater. The length (L) of
each lake was measured as the longest quasi-linear dimension using
satellite images in Google Earth. The lake area Ω (m2) was related to L
(m) according to:
log10(Ω) = 0.913(log10(L2)) + 0.055 (R2 = 0.95, n= 375)
To calculate LMO, we usedmeteorological data, particularly the near-
surface wind speed and global radiation, from the National Centers for
Environmental Prediction (NCEP)/National Center for Atmospheric Re-
search (NCAR) reanalysis project (Kalnay et al., 1996). We used data
from 1979 to 2008 for the corresponding grid cell covering each lake
based on its geographic coordinates.
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Fig. 3.Mean Secchi depth (hSECCHI, a) and annually averagedMonin-Obukhov length (LMO,
b) in polymictic (closed symbols) and seasonally stratiﬁed lakes (open symbols) of mean
depth H. Triangles showMaine lakes and circles show world lakes.
Fig. 2. Schematic diagram of hypotheses. Left hand lakes where themean depth H is less than the critical depth Hcrit are polymictic. Right hand lakes whereH N Hcrit are stratiﬁed. LN is the
Lake number, and hypotheses H0 to H2 are described in the text.
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Whereas the mixing regime of the world lakes was provided in the
database and was based on local expert knowledge, the mixing regime
of the Maine lakes was not available, so was estimated from tempera-
ture proﬁles. We chose August temperature proﬁles because tempera-
ture data in most lakes were only available in summer (ca. 300 lakes
in the dataset), and the mixing regime can be deduced from end-of-
summer proﬁles (Snucins and Gunn, 2000). Here we ﬁrst characterised
themixing regime of a subset of 19 lakes for which temperature proﬁles
were available from April to October in at least monthly resolution. We
deﬁned the surface temperature (Ts) as the mean temperature in the
upper 1 m layer, and the bottom temperature (Tb) as the temperature
at the mean lake depth. We then interpolated Ts and Tb linearly over
time and deﬁned lakes as being seasonally stratiﬁed when Ts − Tb
exceeded 1 °C for at least 120 days, and polymictic otherwise. Based
on this analysis, we chose a threshold of 4 °C for the August temperature
difference as representative to differentiate themixing regime of the re-
maining lakes (Fig. 1). Thus lakes with August Ts − Tb N 4 °C were
classed as stratiﬁed and those with August Ts− Tb b 4 °C as polymictic.
In our analysis we did not differentiate between stratiﬁed regimes, so
“seasonally stratiﬁed” included both dimictic and monomictic lakes.
We calculated the friction velocity in water, u⁎, from the wind speed
at 10 m height (U10) using the bulk formula for neutrally stratiﬁed air
boundary layers as u⁎2 = ρa ρw−1CDU102 , assuming the neutral drag coefﬁ-
cient of CD=1.43 × 10−3 (Hicks, 1972) and the density ratio for air and
water ρa ρw−1 ≈ 1.3 × 10−3. To take into account the reduced wind
mixing over very small lakes, the fetch-corrected friction velocity (u ⁎ ′)
was estimated bymultiplying u⁎ with an empirical correction factor de-
pending on the lake length L:
u0 ¼ u 1−e−λL
 
; ð39Þ
Fig. 4. Performance of the proposed closed basin scaling (a) at predicting the mixing
regime of lakes, compared to the alternative unbounded scaling (b) and a constant
depth threshold (c). Solid symbols indicate polymictic lakes, open symbols indicate
seasonally stratiﬁed lakes, circles are Maine lakes, triangles are world lakes. H is the
mean lake depth, Hcrit is the seasonal stratiﬁcation scale predicting lakes to be
polymictic when H b Hcrit and stratiﬁed when H N Hcrit. Dashed lines show H= Hcrit.
186 G. Kirillin, T. Shatwell / Earth-Science Reviews 161 (2016) 179–190with a wind fetch parameter λ= 0.002 m−1, meaning that the sur-
facewave ﬁeld is fully developed and u ⁎ ′ is maximal when L N 2 km and
u ⁎ ′ is decreased when L b 2 km. The fetch correction was not crucial for
theﬁnal statistics, so that the results below are applicable to any general
formulation of the shear velocity either derived from the wind speed
measurements or produced directly by atmospheric circulationmodels.Table 2
Comparison of scaling criteria using the residual deviance of logistic regressions on Maine lake
terion compared to the bestmodel (ΔAIC=0), whereΔAIC N 10 indicates essentially no compe
to the next best model with one less parameter (**: p b 0.01; ***: p b 0.001).
Model Eq. no.
H1: Hcrit ¼ C1hSECCHI þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C21h
2
SECCHI þ C2LLMO
q
(31)
H2: Hcrit=C1hSECCHI+C2LMO (34)
H3: Hcrit=C1hSECCHI (35)
H4: Hcrit=C2LMO (37)
H5: Hcrit ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2LLMO
p
(38)
H0: Hcrit=C1 (41)We then calculated LMO from the annual mean global radiation at the
water surface (Js) and annual mean wind speeds as,
LMO ¼ u
3

Js
: ð40Þ
The Secchi depth was averaged from spring to summer mainly be-
cause this was the period with the greatest data coverage.
3.3. Statistics
We analysed the Maine lakes and World lakes data sets both sepa-
rately and combined to test the proposed closed basin stratiﬁcation scal-
ing (Eq. 31, hypothesis 1, Fig. 2). Here we used logistic regression to
model the mixing regime as a binary response variable (polymictic or
stratiﬁed), with a logit link function (Gelman and Hill, 2007). The logit
function models the log odds of the mixing regime, log(p / (1 − p)),
where p is the probability of a given lake being seasonally stratiﬁed.
The explanatory variables were H, hSECCHI, L, and LMO. Therefore, the
full model for hypothesis 1 is
H1. logð p1−pÞ ¼ β1H−β2hSECCHI−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β22h
2
SECCHI þ β3LLMO
q
where β1 to β3 are the ﬁtted model coefﬁcients. When the lake depth
H=Hcrit, the probability of the lake being stratiﬁed is p=0.5 and log(p /
(1− p)) = 0. Accordingly, Hcrit can be determined from the model co-
efﬁcients.
Hcrit ¼
β2
β1
hSECCHI þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β22
β21
h2SECCHI þ
β3
β21
LLMO
s
Note that this is equivalent to Eq. 31, with the constants given by
C1 = β2/β1, C2 = β3/β12. For comparison, we also tested the alternative
scaling criterion based on the conventional mixed layer approach of
an unbounded basin (Eq. 34, hypothesis 2, Fig. 2):
H2. logð p1−pÞ ¼ β1H þ β2hSECCHI þ β3LMO
so that, analogously, when log(p / (1− p)) = 0
Hcrit ¼−
β2
β1
hSECCHI−
β3
β1
LMO
Note the equivalence to Eq. 34. We further statistically tested the
different asymptotic cases described above as Eqs. 35, 37 and 38
(hypotheses 3, 4 and 5, respectively), which are just nested models of
hypotheses 1 and 2. The null hypothesis was that the critical depth iss, world lakes, and the combined data set. ΔAIC is the change in Akaike's Information Cri-
titionwith the bestmodel. Stars indicate the signiﬁcance level of the bestmodel compared
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Table 3
Fittedmodel coefﬁcients from logistic regressions on the combined data set ofMaine andworld lakes for the closedbasin scaling (H1), the alternative unbounded scaling (H2) and thenull-
hypothesis of a constant threshold (H0).
Model Eq. no. Fitted coefﬁcients
(95% CI)
C1 C2
H1: Hcrit ¼ C1hSECCHI þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C21h
2
SECCHI þ C2LLMO
q
(31) 0.493
(0.39–0.61)
0.00060
(0.00032–0.00102)
H2: Hcrit=C1hSECCHI+C2LMO (34) 0.778
(0.57–1.00)
0.797
(0.54–1.08)
H0: Hcrit=C1 (41) 6.4
(5.2–7.8)
–
187G. Kirillin, T. Shatwell / Earth-Science Reviews 161 (2016) 179–190constant and thus independent of lake geometry and climatic forcing
(Fig. 2).
H0.
log
p
1−p
 
¼ β1H þ β2 orHcrit ¼−β2=β1 ¼ C0 ð41Þ
The probability, p, can be found by transforming the respective
model with the inverse logit function
logit−1 xð Þ ¼ e
x
1þ ex
We used χ2 tests to compare statistical models, and test the signiﬁ-
cance of the different terms in the two full models. Statistical analyses
were performed with R version 3.1.3 (R Core Team, 2015) using the
package gnm (Turner and Firth, 2015). Unless otherwise stated, errors
of estimates are 95% conﬁdence intervals.
4. Validation of scaling: results
Both the world lakes and the Maine lakes were always stratiﬁed
when the average depth was N11 m, and were always polymictic
when they were b2 m deep. Lakes between 2 and 11 m deep could be
either polymictic or stratiﬁed. Of the 304 Maine lakes and 75 world
lakes, 32.6% of the Maine lakes and 69.3% of the world lakes were strat-
iﬁed, whereas the rest were polymictic. The Secchi depth, hSECCHI was
signiﬁcantly related to mean lake depth in both world lakes and
Maine lakes (ANCOVA, p b 0.0001, n= 77, 304, t= 7.4, 13.2) and was
about 20% higher in polymictic Maine lakes than in stratiﬁed Maine
lakes of the same depth (Fig. 3a, ANCOVA, p b 0.0001, n = 304, t =
4.2). There was no signiﬁcant difference between the transparency of
polymictic and stratiﬁed world lakes after accounting for depth (Fig.
3a, p = 0.43). The Monin-Obukhov length LMO was on average higher
in polymictic lakes than in stratiﬁed lakes of the same depth (Fig. 3b;
p b 0.01, n= 379, t= 3.1).
In the logistic regression analysis, the closed-basin scaling (H1) pre-
dicted the mixing regime of lakes signiﬁcantly better than the constant
depth threshold (H0) and also better than the alternative, unbounded
basin scaling (H2, Fig. 4). This was evident because the scaling H1 had
the lowest residual deviance and lowest ΔAIC (= 0) compared to the
other models when applied to the Maine lakes, world lakes, and the
combined data set (Table 2). The scaling H1 was also better than any
of the nested submodels (H3, H4, H5, see Table 2) indicating that all
model terms (hSECCHI, L, LMO) were informative.
In the predominantly large (in terms of L)world lakes, the difference
between H1 and H5 was relatively small (ΔAIC b 5) but still signiﬁcant
(p= 0.009). Moreover, the difference between models H4 and H5 was
large (p b 0.001). This suggests that the lake length Lwas the dominant
variable determining the critical depth, rather than hSECCHI or LMO. This
was different in the smaller Maine lakes, where hSECCHI, LMO, and L
were all more or less equally important predictors for the criticaldepth, as evident in the similar deviances in models H3, H4 and H5,
and the much lower deviance of the scaling H1.
The unbounded scaling (H2) was signiﬁcantly better than the con-
stant depth threshold (H0) in the Maine lakes but not in the world
lakes or the combined data set. The scaling H1 correctly predicted the
mixing regimes of 82% of lakes, whereas H2 and H0 correctly classiﬁed
81% and 78% of lakes, respectively. Although there was not much differ-
ence in the percentage classiﬁcation success, the mean error in the
depth of incorrectly classiﬁed lakes (i.e. H− Hcrit) was smaller using
the closed-basin scaling H1 (1.5 m) than the unbounded scaling H2
(1.9 m) or threshold H0 (2.1 m).
The ﬁtted model coefﬁcients for H1 satisﬁed the case of
Hcrit ≈ hSECCHI when wind-driven mixing is low and LMO ≈ 0 (Kraus
and Rooth, 1961), which is reﬂected in C1 = 0.5 (Table 3). This case
was also satisﬁed in the alternative unbounded scaling because C1≈ 1
in model H2. The threshold model (H0 in Table 3) indicated that lakes
deeper than 6.4 m were more likely to be stratiﬁed than polymictic. In
summary, we conﬁrm the validity and superior performance of the pro-
posed scaling criterion H1.
5. Discussion
Our scaling combines the major driving forces of lake stratiﬁcation
and is based on the mechanistic balance between the potential and ki-
netic energy, which provides the ﬁnal expression versatility and univer-
sality. As mentioned in the introduction, a simple criterion of seasonal
stratiﬁcation existence can ﬁnd an effective application in numerical
weather and climate models and in global carbon models. The world-
wide distribution of the climatic mean Monin-Obukhov scale LMO can
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Fig. 6. Comparison of the scaling criterion (black lines) with the sensitivity analysis (gray areas) in Shatwell et al. (2016), modiﬁed from their Fig. 9. The solid black lines show critical
depths (Hcrit) and Secchi depths (hSECCHI) for Lake Heiligensee (a, L= 1000 m) and Lake Müggelsee (b, L= 4000 m). Dashed black lines show 80% prediction intervals, i.e. the region
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combinationswith the hydrodynamicmodel FLake. The circlesmarked “H” and “M” show the average observed conditions in dimictic Heiligensee and polymicticMüggelsee, respectively.
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datasets, while the data on lake depths are often available fromprevious
studies (Kourzeneva et al., 2012), or derivable from remote sensing
(Balsamo et al., 2010) or geological data (Choulga et al., 2014). The
water transparency is a less certain parameter entering the proposed
scaling, though Secchi depth is themost easily obtainable among limno-
logical characteristics (Canﬁeld et al., 2002), is widely used in monitor-
ing programs, and large data sets exist through volunteer monitoring
programs (Lottig et al., 2014). Also, development of high-resolution re-
mote sensing algorithms promises essential advances in themapping of
inland water optical characteristics in the nearest future (Alikas et al.,
2015; Lee et al., 2016; Olmanson et al., 2015). Thus, the cluster of
lakeswithout seasonal stratiﬁcation can be determined from the scaling
relationship, avoiding the need to vertically resolve them in global
models.
Another application of the proposed scaling to estimate the climate
warming and/or water quality deterioration effects on regional and
global scales. We consider here one interesting facet: the effect of
changed transparency on the seasonal mixing regime. Transparency of
lake waters usually decreases due to eutrophication (Jeppesen et al.,
2005) or browniﬁcation through increased dissolved organic carbon
concentrations, which can eventually provoke a transition of the sea-
sonalmixing regime frompolymictic to seasonally stratiﬁed. The scaling
indicates that Hcrit equals the Secchi depth in small lakes with L b ca.
1000 m (Fig. 5), the asymptotic condition described by Kraus and
Rooth (1961), and accordingly predicts that such lakes should switch
regimes when the Secchi depth becomes either deeper or shallower
than the lake depth. An example of this described by Riis and Sand-
Jensen (1998) is given by Lake Grane Langsø (H= 8.1 m, L= 630 m),
a small clear lake in Denmark. Between the 1950s and 1994, the Secchi
depth decreased from 11 m (NH) to 7 m (bH), and stratiﬁcation dura-
tion increased from 13 weeks (polymictic) to 23 weeks (seasonally
stratiﬁed). Another example is the small German lake Kleiner Gollinsee
(L= 250 m, H= 1.7 m) described by Brothers et al. (2014). Increased
precipitation between 2010 and 2012 decreased the Secchi depth
from 1.5m to 0.7 m and increased thewater level by 1m, which shifted
the lake from mixed to stratiﬁed, causing severe deep water hypoxia.
The scaling criterion produced similar results to a hydrodynamic
model applied to two German lakes (Shatwell et al., 2016). Here the
scaling correctly predicted the polymictic and dimictic regimes of the
lakes despite their similar depth and also suggested a similar quasi-lin-
ear relationship between Hcrit and hSECCHI as the hydrodynamic model
(Fig. 6).
Whereas Hcrit depends on hSECCHI and is insensitive to LMO at small L,
the reverse is true at large L. At intermediate L (≈1.7 km) both LMO and
hSECCHI are equally important. This effect is known from studies on the
mixing depth of deep lakes, which depends more on transparency insmall lakes but more on fetch in large lakes (Fee et al., 1996;
Mazumder and Taylor, 1994) with an area b 500 ha (L b ~5000 m).
This explains why both the Secchi depth and LMOwere good predictors
of mixing regime in the Maine lakes (median L ≈ 1.3 km) but Secchi
depth was a poorer predictor in the large world lakes (median
L≈ 15 km) where there was no signiﬁcant difference in Secchi depth
between polymictic and stratiﬁed lakes after accounting for lake depth.
The scaling criterion performed well in both small and large lakes,
however it has some limitations, particularly with complex morpholo-
gy. The scaling considers themean depth to which a lake with a regular
basin form mixes on average, but lakes can have deeper hollows or ba-
sins which may stratify seasonally although the majority of the lake in
terms of area is polymictic. In Lake Erie for instance, Hcrit = 17.3 m,
which is close to the mean lake depth of 17.7 m. The scaling seems to
work considering the lake's 3 basins separately since the H b Hcrit in
the polymictic western basin whereas H N Hcrit in the stratiﬁed central
and eastern basins. If the basin form is known, the effective lake length
corrected for bed slope may provide a better estimate than the actual
linear dimension (Shintani et al., 2010). The effect of transparency in
the scaling assumes that the product of the Secchi depth and the extinc-
tion coefﬁcient is 2. This has been conﬁrmed in studies as the average
value but this product may vary depending on the determinants of
transparency: it tends to be higher in browned or stained lakes, lower
in turbid lakes (Koenings and Edmundson, 1991; Reinart et al., 2003),
and quite close to 2 where chlorophyll determines transparency
(Shatwell et al., 2016). This means that Hcrit could be somewhat
overestimated in small stained lakes and somewhat underestimated in
small turbid lakes. Alternatively, if the extinction (γ) is known, the scal-
ing can be reformulated asHcrit= γ−1+ (γ−2+ 0.0006 LLMO)1/2. Final-
ly the scaling can only be applied to freshwater lakes because it
considers only thermal stratiﬁcation. Altogether the scaling provides a
robust basis for predicting stratiﬁcation characteristics in lakes and re-
ﬁning existing lake mixing typologies. Moreover, lake mixing regime
and transparency are among the most important determinants of
water quality, and better understanding their interactions will help im-
prove water quality management.
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